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The concept of a topological group is one of the fundamental concepts of mathemat- 
ics. In Bourbaki’s Treatise topological groups appear at an early stage, in the chapter 
preceding the one where the field Iw of real numbers is introduced. Bourbaki defines the 
topological field Iw as the completion of the topological field Q of rationals, so topological 
groups, their uniformities and completions have to be introduced first. 
One of the most important and famous problems concerning topological groups was 
posed by Hilbert in 1900, before the notion of a topological space or a topological 
group was clearly formulated. Hilbert’s 5th Problem asks whether a topological group 
which is a topological manifold (= locally homeomorphic to a Euclidean space) admits 
a compatible Lie group structure. (Hilbert probably had in mind local groups rather than 
topological groups as we understand them today.) The work of many people led about 
1950 to a positive solution of Hilbert’s 5th Problem and to a deep understanding of 
the structure of locally compact groups. The main idea is that general locally compact 
groups can be approximated in an appropriate sense by Lie groups. The most complete 
results can be obtained for compact groups. Every compact group is the projective limit 
of compact Lie groups, and every compact Lie group is a real form of a unique complex 
reductive algebraic group. There is a complete classification of compact connected Lie 
groups which is reduced to the classification of root systems. It is amazing how rich the 
structures are that arise from simple combination of such basic notions as the notion of 
a compact space and the notion of a group. 
One of the most beautiful facts concerning topological groups is Pontryagin’s duality 
for locally compact abelian topological groups. If G is a locally compact topological 
group, not necessarily abelian, then irreducible unitary representations eparate points of 
G (Gelfand-Rajkov); if G is abelian, then every irreducible unitary representation of G 
is one-dimensional and thus can be identified with a continuous homomorphism G - 77. 
where U = {Z E @: 1~1 = 1). The group G* of all such homomorphisms, equipped with 
the compact-open topology, is locally compact. The natural homomorphism G - G** is 
an isomorphism of topological groups, and G* is compact if and only if G is discrete. 
Thus the category of all compact abelian groups is inverse equivalent to the category of 
all abelian groups without topology. Pontryagin’s duality provides a right setting for the 
notion of the Fourier transform, which can be viewed as a special case of the notion of 
the Gelfand transform for Banach algebras. 
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The notion of a topological group lies in the foundation of some central areas of 
mathematics, such as representation theory or harmonic analysis. It is used in an essential 
way in many other areas. For example, A. Weil’s book on number theory starts with 
Pontryagin’s classification of locally compact fields. Topological groups can be looked at 
from many viewpoints. One of the possible viewpoints, the one presented in this issue, 
is that of a set-theoretic topologist. 
Some theorems of general-topological nature concerning topological groups have been 
known for a long time. For example, the underlying space of every topological group is 
completely regular; every !!‘a first-countable topological group is metrizable. Both asser- 
tions follow from the existence of natural uniformities on every topological group; this 
fact was one of the main motivations for introducing the notion of a uniform space. Beau- 
tiful results in topological algebra were obtained in the 1980s in Arhangel’skii’s School 
of General Topology in Moscow. My favorite samples are: every compactly-generated 
topological group is ccc (TkaEenko); compact subspaces of topological fields are metriz- 
able (Shakhmatov). The reader who wants to learn about the modem state of the theory 
of general topological groups is referred to the article “A survey on topological groups 
and semigroups” by W.W. Comfort, K.H. Hofmann and D. Remus in the book Recent 
Progress in General Topology (edited by M. HuSek and J. van Mill, North-Holland, 1992). 
The reader is also advised to visit V. Pestov’s homepage (http://www.vuw.ac.nzrvova/) 
and to get available files. 
Consider the following two ways to construct topological groups: 
(1) if A4 is a metric space, then the group Is(hl) of all isometries of bf, equipped 
with the pointwise convergence topology, is a topological group; 
(2) if K is a compact space, then the group H(K) of all self-homeomorphisms of K, 
equipped with the compact-open topology, is a topological group. 
The importance of these two classes of topological groups stems from the fact that each 
of these classes is universal in the following sense: every (Hausdorff) topological group 
G is isomorphic to a topological subgroup of Is(M) for some metric space h1 and to 
a topological subgroup of H(K) f or some compact space K. For example, one can 
take for K the maximal compactification of the uniform space (G, R), where R is the 
right uniformity on G, and take for jL1 the Banach algebra C(K). It can be shown that 
every topological group with a countable base is isomorphic to a topological subgroup of 
H(Q), where Q is the Hilbert cube, and to a topological subgroup of Is(U), where U is 
the Urysohn universal separable metric space. It is an open problem whether there exists 
a topological group which is universal in a similar sense for the class of all topological 
groups of a given uncountable weight. S. Shkarin has recently announced the existence 
of a universal abelian group with a countable base. 
Another general method to obtain topological groups is provided by the functor of the 
free topological group. For every Tychonoff space X the free topological group F(X) 
is defined, and every topological group is a quotient of a group of the form F(X). Free 
topological groups have many applications, let us indicate the following two theorems that 
were proved with their aid: every topological group is a quotient of a zero-dimensional (in 
the sense of dim) topological group (Arhangel’skii); a compact space X is a retract of a 
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topological group if and only if it admits a Mal’tsev operation. that is a map f : X3 - X 
satisfying the identity f(x, .r’, y) = f(yy, s, .r) = y (Sipacheva). 
One of the most famous open problems concerning topological groups is the Hilbert- 
Smith problem: if A1 is a finite-dimensional manifold, is every compact subgroup of 
H(nl) a Lie group? Equivalently, can H(nl) contain a subgroup isomorphic to the 
topological group of y-adic integers? Another important problem is whether the group 
H(lZI) is a Hilbert space manifold if A1 is a compact manifold. The answer is positive 
if dim A1 < 2 or if nf is a Hilbert cube manifold. 
More questions can be found in W.W. Comfort’s article “Problems on topological 
groups and other homogeneous spaces” in the book Open Problem in Topology (edited 
by J. van Mill and G.M. Reed, North-Holland, 1990). I have announced earlier the 
positive solution of Problem 519 from that book, which asks whether every topological 
group is a quotient of a minimal topological group. Unfortunately, my “proof” contained 
an error. and the problem remains open. I regret having made a premature announcement 
which was cited in the above-mentioned survey in Recent Progress in General Topology. 
On the other hand, I can prove that every topological group is a subgroup of a minimal 
topological group. The proof is based on the notion of the Roelcke compactification of a 
topological group, which is the compactification with respect to the greatest lower bound 
of the left and the right uniformities. 
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